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Evolutionary dynamics of social tolerance in the economic interaction model
with local social cost functions
Yingying Shi and Min Pan

School of Economics and Management, Wuhan University, Wuhan, Hubei, P. R. China

ABSTRACT
The evolutionary dynamics of social tolerance in a society with local social cost functions have
been discussed. We show that, very different from the global function case studied previously,
dynamics of social tolerance in a society with local social cost functions is integrable in phase
space. The exact solution of the evolutionary dynamics in phase space is obtained, and the
evolutionary trajectories are discussed by using the Kolmogorov–Arnold–Moser theorem. We
show that the property of steady states is closely related to the group populations. We also
discuss the necessary condition of the full tolerance steady state, and it is demonstrated that
both global and local social cost functions have the same necessary condition of achieving full
tolerance.
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I. Introduction

Social tolerance, which is increasingly recognized
as an important influence factor of economic
growth, attracted more and more attention over
the last decade (Akerlof and Kranton 2000;
Berggren and Elinder 2012; Shi and Peng 2014).
It has been suggested that social tolerance leads to
many potentially important consequences, includ-
ing technological and economic performance
(Bomhoff and Lee 2012; Berggren and Nilsson
2013), population growth (Bjørnskov 2004)
and social development (Bjørnskov 2008). The
discussion on tolerance at the individual level
reveals that economic reasoning can offer original
and unique insights into the determinants of tol-
erance (Corneo and Jeanne 2009), and many
social phenomena related to tolerance can be
explained by economic models (Garofalo, Di
Dio, and Correani 2010; Muldoon, Borgida, and
Cuffaro 2012).

Recently, as a natural continuation of economic
studies on fundamentalism (Darity, Mason, and
Stewart 2006; Epstein and Gang 2007), an evolu-
tionary economic interactions model of social tol-
erance has been studied (Cerqueti, Correani, and
Garofalo 2013) by introducing a social cost

function ciðx1; x2Þ, where x1 and x2 are the share
of tolerant agents in group 1 and group 2, respec-
tively. The social cost function obeys the following
properties:

(1) @ciðx1;x2Þ
@x1

< 0 and @ciðx1;x2Þ
@x2

< 0;

(2) @2c1ðx1;x2Þ
@x21

� 0 and @2c2ðx1;x2Þ
@x22

� 0;

(3) @2c1ðx1;x2Þ
@x1@x2

� 0 and @2c2ðx1;x2Þ
@x2@x1

� 0;

(4) If x1 ¼ x2 ¼ 0, then ciðx1; x2Þ ¼ 0.

The first property states that the individual cost
increases when the share of intolerant people in
group 1 or group 2 increases, which is a global
dependence. We note that the social cost function
may be local in some cases, and the individual cost
depends only on the share of intolerant people in
his own group. The local social cost function
obeys the following properties:

(1) @c1ðx1;x2Þ
@x1

< 0 and @c2ðx1;x2Þ
@x2

< 0;

(2) @2c1ðx1;x2Þ
@x21

� 0 and @2c2ðx1;x2Þ
@x22

� 0;

(3) @2c1ðx1;x2Þ
@x1@x2

� 0 and @2c2ðx1;x2Þ
@x2@x1

� 0;

(4) c1ðx1; x2Þ ¼ 0 if x1 ¼ 0, while c2ðx1; x2Þ ¼ 0 if
x2 ¼ 0.
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Such local social cost function can find applica-
tion in many realistic examples, such as spatially
or politically separated groups. So it is interesting
to study the dynamics of tolerance in the evolu-
tionary economic interactions model with local
social cost functions. Here, we consider a simple
local social cost function ciðx1; x2Þ ¼ βð1� xiÞ
instead of the global function ciðx1; x2Þ ¼
βð1� x1x2Þ used by Cerqueti, Correani, and
Garofalo (2013). We show that the evolutionary
dynamics of social tolerance under local social
cost function is integrable in phase space and
interactions between individuals in a society with
local social cost functions sometimes lead to rich
behaviours which are different from the global
function case.

II. Evolutionary model of tolerance dynamics

We use an evolutionary game model of social
tolerance similar to Cerqueti, Correani, and
Garofalo (2013). We consider that there are two
differentiated groups of economic agents with the
total population N. The number of members of
each group, which recorded as N1 and N2, is
assumed to be large enough and changeless with
time. Each individual can be tolerant or intolerant
towards the agents of another group. We indicate
that xi and x̂i be the share of tolerant and intoler-
ant agents in group i, respectively, thus xi þ x̂i ¼ 1
and xi; x̂i 2 ½0; 1�, for each i ¼ 1; 2.

The evolutionary dynamics of social tolerance
can be modelled by the theory of replicators in
which two agents interact after being randomly
matched, producing aggregate wealth Rij ¼ Rji,
which depend on the capital contribution of
these agents. The capital contribution of agents
in group i is denoted by ki, and the relative capital
contribution that agents in group i interact with
agents in group j is defined as δij ; ki=ðki þ kjÞ,
and determines the shares of the aggregate wealth:
the agent in group i shares δijRij when he interact
with the agent in group j, which yields
δij þ δji ¼ 1, "i; j ¼ 1; 2. The social tolerance influ-
ences the net gain of each agent in the following
cases:

(1) For the case that the two agents are of the
same group, whether tolerance or not, δii ¼
1=2 and each agent obtains Rii=2;

(2) For the case that the two agents are of different
group and both tolerance, they suffer a psycho-
logical cost and a social cost with the exception
of δijRij. The psychological cost in terms of loss
of identity is chosen to be αi ¼ Rii=2(Akerlof
and Kranton 2000; Cerqueti, Correani, and
Garofalo 2013), while the social cost is chosen
to be local here. Here, we consider a simple local
social cost function ciðx1; x2Þ ¼ βð1� xiÞby
comparison to the global function ciðx1; x2Þ ¼
βð1� x1x2Þ used by Cerqueti, Correani, and
Garofalo (2013). The parameter β is greater
than zero, and a higher β leads to a higher social
costs, so the parameter β describes the social
reaction of intolerant agents in group i adverse
to the agents of the group j.

(3) For the case that the two agents are of differ-
ent group, there is no wealth produced if any
of them is intolerant.

The evolutionary dynamics of social tolerance can
be modelled by the theory of replicators, and the
evolution of tolerant population in group i can be
described by

_xi ¼ xix̂iðE½xi� � E½x̂i�Þ; (1)

where E½xi� and E½x̂i� are the expected net gain of
tolerant and intolerant individuals in group i,
respectively. Using the probabilities for the match
between agents, these expected net gains can be
calculated as follows:

E½x1� ¼ Px1x1R11=2þ Px1x̂1R11=2 þ ½δ12R12 � R11=2

� βð1� x1Þ�Px1x2 ;
E½x2� ¼ Px2x2R22=2þ Px2x̂2R22=2 þ ½δ21R21 � R22=2

� βð1� x2Þ�Px2x1
E½x̂1� ¼ Px̂1x1R11=2þ Px̂1x̂1R11=2;
E½x̂2� ¼ Px̂2x2R22=2þ Px̂2x̂2R22=2; (2)

with Pxixj(or Pxix̂j) the probability for a tolerant agent
of group i matches a tolerant (or intolerant) agent of
group j. Considering the random match, in which all
agents have the same probability to be selected, we
can obtain Pxixj , Pxix̂j , Px̂ixj and Px̂ix̂j as follows:
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Given the above probabilities, the motion of tol-
erant population with respect to time will be then
modelled by the following differential equations:

_x1 ¼ x1x̂1
N � 1

½δ12R12 � R11=2� βð1� x1Þ�x2N2;

_x2 ¼ x2x̂2
N � 1

½δ21R21 � R22=2� βð1� x2Þ�x1N1:

(3)

These equations give a complete description of
the evolutionary dynamics of social tolerance. The
steady states of Equation 3 are as follows:

P1 ¼ ð1; 1Þ; P2 ¼ ð�1; 0Þ; P3 ¼ ð0; �2Þ; P4 ¼ ð0; 0Þ;

P5 ¼ ð1; 1�Ω2Þ; P6 ¼ ð1�Ω1; 1Þ; P7 ¼ ð1�Ω1; 1�Ω2Þ;
where Ω1 ¼ ½δ12R12 � R11=2�=β, Ω2 ¼ ½δ21R21 �
R22=2�=β and �1; �2 2 ð0; 1� are arbitrary constants.
These steady states have precise economic and social
meanings. For example, P1 is the full tolerance steady
state, P2 and P3 depict situations that one group is
wholly populated by intolerant agents while another
group is arbitrary tolerant. P4 is the full intolerance
steady state. Economic and social meanings for steady
states P1–P4 are relatively simple, while P5–P7 are
more complex. Among them, P5 exists when
Ω1 2 ð0; 1Þ, which requires 0 < δ12R12 � R11=2 < β;
while P6 exists when, Ω2 2 ð0; 1Þ which requires
0 < δ21R21 � R22=2 < β: So steady states P5–P7 are
determined by the distribution of aggregate wealth.
We note that some of the steady states, such as P5–P7,
are different from the global function case.

III. Solutions in the phase space

The differential equations that describe the evolution-
ary dynamics of social tolerance under global social
cost function (Cerqueti, Correani, and Garofalo 2013)

are non-integrable in general; however, Equation 3
which describes the evolutionary dynamics of social
tolerance under local social cost function is integrable.
In what follows, we give a description of the deriva-
tion of the solution in phase space.

Proposition 1. The solution of evolutionary social
tolerance under local social cost function in phase
space is

x1 � 1
x1 � ð1�Ω1Þ
����

���� ¼ C
x2 � 1

x2 � ð1�Ω2Þ
����

����
γ

; (4)

where C is an arbitrary constant depends on initial

values, and γ ¼ N2
N1

Ω1
Ω2

determines the exponential

relationship between x1 and x2.

Proof. In the phase space, Equation 3 becomes:

dx1
dx2

¼ x̂1N2½x1 � ð1�Ω1Þ�
x̂2N1½x2 � ð1�Ω2Þ� : (5)

This equation can be solved exactly and the solu-
tion is

ln
x1 � 1

x1 � ð1�Ω1Þ
����

���� ¼ lnC
x2 � 1

x2 � ð1�Ω2Þ
����

����
N2
N1

Ω1
Ω2

(6)

After some simplification we obtain Equation 4.
From the solution, the steady states of the evolu-

tionary dynamics can be easily identified, and the evo-
lutionary trajectory can be exactly analysed. According
to the Kolmogorov–Arnold–Moser theorem, the evolu-
tionary trajectories are confined to closed tori that
translate into regular closed orbits on Poincare sections
for a regular oscillation in the present case.

The solution in the range of x1; x2 2 ½0:8; 1� is
shown in Fig. 1. We can clearly identify the steady
states P1 and P7. It is shown that the steady state P7
is unstable, and the evolutionary dynamics near the

Px1x1 ¼
x1N1 � 1
N � 1

; Px1x̂1 ¼
x̂1N1

N � 1
; Px1x2 ¼

x2N2

N � 1
; Px1x̂2 ¼

x̂2N2

N � 1
;

Px̂1x1 ¼
x1N1

N � 1
; Px̂1x̂1 ¼

x̂1N1 � 1
N � 1

; Px̂1x2 ¼
x2N2

N � 1
; Px̂1x̂2 ¼

x̂2N2

N � 1
;

Px2x1 ¼
x1N1

N � 1
; Px2x̂1 ¼

x̂1N1

N � 1
; Px2x2 ¼

x2N2 � 1
N � 1

; Px2x̂2 ¼
x̂2N2

N � 1
;

Px̂2x1 ¼
x1N1

N � 1
; Px̂2x̂1 ¼

x̂1N1

N � 1
; Px̂2x2 ¼

x2N2

N � 1
; Px̂2x̂2 ¼

x̂2N2 � 1
N � 1

;
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steady state P7 is sensitively dependent on γ, which is
determined by population numbers of each group
and the distribution of aggregate wealth.

IV. Full tolerance steady state

The full tolerance steady state ð1; 1Þ is of particular
interest. In this section, we focus our attention on
discussing the necessary condition of the full toler-
ance steady state ð1; 1Þ. Other steady states can be
discussed similarly.

Proposition 2. The necessary condition of achieving
full tolerance is

R11 þ R22 � 2R12 < 0: (7)

Proof. To verify the stability of steady state ð1; 1Þ,
we write x1 ¼ 1� δx1 and x2 ¼ 1� δx2 with 0 �
δx1 � 1 and 0 � δx2 � 1, thus Equation 3 can be
reduced to

δ _x1 ¼ � δx1
N � 1

ðδ12R12 � R11=2ÞN2; (8)

δ _x2 ¼ � δx2
N � 1

ðδ21R21 � R22=2ÞN1; (9)

where higher-order small quantities of δx1 and δx2,
such as δx21, are ignored, and the solutions of
Equations 8 and 9 are

δx1 ¼ exp � N2

N � 1
ðδ12R12 � R11=2Þt

� �
; (10)

δx2 ¼ exp � N1

N � 1
ðδ21R21 � R22=2Þt

� �
; (11)

So the necessary conditions of tolerance spreads
in group i which ensure δxi ! 0 for t ! 1 are

δ12R12 � R11=2 > 0; (12)

δ21R21 � R22=2 > 0: (13)

After some simplification we obtain Inequality 7.
This necessary condition of achieving full toler-

ance is exactly the result obtained by Cerqueti,
Correani, and Garofalo (2013). The economics
meaning is that tolerance is impossible if R11 þ
R22 � 2R12 > 0 where R12 is not sufficiently high to
produce a tendency of mixed interaction in eco-
nomic incentive. Our result shows that local social
cost functions should not change the necessary con-
dition of achieving full tolerance. In fact, sufficient
conditions of achieving full tolerance are in the same
situation.

V. Conclusions

We discuss the dynamics of social tolerance in a
society with local social cost functions, which is integr-
able in phase space and can be discussed more easily
than the model with global social cost functions
(Cerqueti, Correani, and Garofalo 2013). We obtain
the exact solution of the evolutionary dynamics in
phase space, and discuss the evolutionary trajectories
by using the Kolmogorov–Arnold–Moser theorem.
Very different from the global function case studied
previously, dynamics of social tolerance in a society
with local social cost functions is closely related to the
group populations. We also show that both global and
local social cost functions have the same necessary
condition of achieving full tolerance.
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Figure 1. Exact solutions of Equation 3 in phase space with
different γ. We use Ω1 ¼ Ω2 ¼ 0:1.

78 Y. SHI AND M. PAN

D
ow

nl
oa

de
d 

by
 [

W
uh

an
 U

ni
ve

rs
ity

] 
at

 0
1:

33
 1

9 
O

ct
ob

er
 2

01
7 



Funding

This work was supported by the China Postdoctoral Science
Foundation under Grant number 2015M582250, and the
National Social Science Fund Project of China under Grant
number 10AZD019.

References

Akerlof, G. A., and R. E. Kranton. 2000. “Economics and
Identity.” The Quarterly Journal of Economics 115 (3):
715–753. doi:10.1162/qjec.2000.115.issue-3.

Berggren, N., and M. Elinder. 2012. “Is Tolerance Good or
Bad for Growth?” Public Choice 150 (1–2): 283–308.
doi:10.1007/s11127-010-9702-x.

Berggren, N., and T. Nilsson. 2013. “Does Economic
Freedom Foster Tolerance?” Kyklos 66 (2): 177–207.
doi:10.1111/kykl.2013.66.issue-2.

Bjørnskov, C. 2004. Inequality, Tolerance, and Growth.
Working Papers N 8. Aarhus: University of Aarhus,
Aarhus School of Business, Department of Economics.

Bjørnskov, C. 2008. “The Growth–Inequality Association:
Government Ideology Matters.” Journal of Development
Economics 87 (2): 300–308. doi:10.1016/j.jdeveco.2007.04.002.

Bomhoff, E. J., and G. H. Y. Lee. 2012. “Tolerance and
Economic Growth Revisited: A Note.” Public Choice 153
(3–4): 487–494. doi:10.1007/s11127-012-0022-1.

Cerqueti, R., L. Correani, and G. Garofalo. 2013. “Economic
Interactions and Social Tolerance: A Dynamic
Perspective.” Economics Letters 120 (3): 458–463.
doi:10.1016/j.econlet.2013.05.032.

Corneo, G., and O. Jeanne. 2009. “A Theory of Tolerance.”
Journal of Public Economics 93 (5–6): 691–702.
doi:10.1016/j.jpubeco.2009.02.005.

Darity Jr, W. A., P. L. Mason, and J. B. Stewart. 2006. “The
Economics of Identity: The Origin and Persistence of
Racial Identity Norms.” Journal of Economic Behavior &
Organization 60 (3): 283–305. doi:10.1016/j.
jebo.2004.09.005.

Epstein, G. S., and I. N. Gang. 2007. “Understanding the
Development of Fundamentalism.” Public Choice 132 (3–
4): 257–271. doi:10.1007/s11127-007-9150-4.

Garofalo, G., F. Di Dio, and L. Correani. 2010.
“The Evolutionary Dynamics of Tolerance.” Theoretical
and Practical Research in Economic Fields 2 (2):
218–230.

Muldoon, R., M. Borgida, and M. Cuffaro. 2012. “The
Conditions of Tolerance. Politics.” Philosophy and
Economics 11 (3): 322–344. doi:10.1177/
1470594X11417115.

Shi, Y., and D. Peng. 2014. “Dynamics of Social Tolerance in
the Economic Interaction Model with Three Groups.”
Applied Economics Letters 21 (10): 665–670. doi:10.1080/
13504851.2014.881964.

APPLIED ECONOMICS LETTERS 79

D
ow

nl
oa

de
d 

by
 [

W
uh

an
 U

ni
ve

rs
ity

] 
at

 0
1:

33
 1

9 
O

ct
ob

er
 2

01
7 

http://dx.doi.org/10.1162/qjec.2000.115.issue-3
http://dx.doi.org/10.1007/s11127-010-9702-x
http://dx.doi.org/10.1111/kykl.2013.66.issue-2
http://dx.doi.org/10.1016/j.jdeveco.2007.04.002
http://dx.doi.org/10.1007/s11127-012-0022-1
http://dx.doi.org/10.1016/j.econlet.2013.05.032
http://dx.doi.org/10.1016/j.jpubeco.2009.02.005
http://dx.doi.org/10.1016/j.jebo.2004.09.005
http://dx.doi.org/10.1016/j.jebo.2004.09.005
http://dx.doi.org/10.1007/s11127-007-9150-4
http://dx.doi.org/10.1177/1470594X11417115
http://dx.doi.org/10.1177/1470594X11417115
http://dx.doi.org/10.1080/13504851.2014.881964
http://dx.doi.org/10.1080/13504851.2014.881964

	Abstract
	I.  Introduction
	II.  Evolutionary model of tolerance dynamics
	III.  Solutions in the phase space
	IV.  Full tolerance steady state
	V.  Conclusions
	Acknowledgements
	Disclosure statement
	Funding
	References



